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DAVID LEHAVI 

Abstract. We answer the first non-classical case of a question of J. 
Harris from the 1983 ICM: what is the largest possible dimension of a 
complete subvariety of M g ? Working over a base field with characteris- 
tic 0, we prove that there are no projective surfaces in the moduli space 
of curves of genus 4; thus proving that the largest possible dimension of 
a projective subvariety in Ma is 1. 



1. INTRODUCTION 

1.1. One of the fundamental invariants of an algebraic variety is the maximal 
possible dimension of a projective subvariety. This number "measures" how 
far the variety is from being projective, and it reflects on the geometry and 
cohomology of the variety. 

The moduli space of smooth curves of genus g, denoted M g , is not projec- 
tive because a family of smooth curves may degenerate to a singular curve. 
Thus in the specific case of A4 g the maximal dimension of a projective sub- 
variety also tells us how big is the largest family of curves which does not 
degenerate. 

The problem of determining the maximal dimension of a projective sub- 
variety of A4 g dates back to a paper of F. Oort, in which he considered the 
question in genus 3, and the analogous question for the moduli of Abelian 
varieties - see |Oo74] . The general genus problem was introduced by J. 
Harris in his Warsaw ICM lecture - see [Ha83 j. 

Previous works come from two directions: The only known upper bound 
on the maximal dimension of a projective subvariety in Ai g is due to S. Diaz 
in characteristic and E. Looijenga in positive characteristic; they proved 
that such a variety has dimension at most g — 2 - see |Di84],[Lo95!. In 
[FavdG04| . Faber and van der Geer suggested a "candidate" subvariety for 
attaining this bound in high enough characteristic. As for lower bounds, it 
is a classical fact that there exists a projective curve through any point in 
Ai g for g > 3. The sharpest known lower bounds are due to C. Zall who 
constructed surfaces in Mq for characteristic ^ 0, 2 and complete varieties 
of dimension d inside A4 g for g > 2 d+1 (improving the earlier bound g > 
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2 • 3 d - (3 d - l)/2 due to Kodaira and Harris) - see [Za99] . [ZaT)T] . Already 
in genus 4 the best known bounds from above and from below are different 
: 2 and 1. In this paper we prove the following: 

1.2. Theorem. There are no projective surfaces in M.^. 

1.3. This result is the first non-classical sharp result obtained; it is also our 
first evidence that the Diaz bound is not sharp - thus also showing that at 
least in genus 4 the "candidate" suggested in [FavdG04] fails. 

The paper in organized as follows: In Section [2] we cover preliminary 
material; notably the trigonal construction which takes a generic degree 4 
map X —* P 1 to a tower of maps C C ^> P 1 , where the double cover 
C/C is unramified. In Section [3] we define a proper cover of generic finite 
degree tt : Y — > M4, and a map fi : Y — > Intuitively this is done in 

the following way: for any degree 4 cover / : X — > P 1 such that both fibers 
/ _1 (0)? / (°°) are given by two ramification points, we use the trigonal 
construction to get a stable irreducible curve of genus 3. We describe a 
relation between the preimage in Y of the hyperelliptic locus in .M3 under 
the map \x and the preimage in Y of the hyperelliptic locus in under the 
map tt. In Section [4] we use this relation to show that a surface in .M4 can 
not intersect the hyperelliptic locus in .M4, which leads to a contradiction. 

2. Preliminaries 

2.1. Throughout the paper we fix a base field of characteristic 0. We denote 
by M. g the moduli space of curves of genus g, and by A4 g the Deligne- 
Mumford compactification of M g . 

In this section we give the necessary background on generalized Jaco- 
bians, generalized Pryms, the bigonal and trigonal constructions, and the 
compactifications of two classical spaces: lZ g - the moduli space of unrami- 
fied double covers of curves of genus g, and the Hurwitz scheme TCg^d - the 
moduli space of degree d covers of P 1 by smooth curves of genus g. 

2.2. Proposition-Definition (Harris and Mumford's construction of Ti-d.g - 
see [HaMu82] or [HaMo98] chapter 3.G). The compactified Hurwitz scheme 
Ti-d,g is the space of isomorphism classes of degree d covers U — > B such 
that [B] £ A4 0i 2(g+d-i) (i- e - B is a, stable P 1 with the "correct" number of 
branching points as marked points) where: 

• U is a stable curve with smooth components and U — > B is simply 
ramified over the marked points. 

• If Bo, B\ are two components of B, and p is in the inverse image of 
i?o H Bx, then there exactly are two components Uq,U\ C U which 
contain p, and the ramification indexes of Uq/Bq, U\/B\ at p are 
equal. 
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These covers are called admissible. There is a natural square 

7-Ld,g *- M g , 



H d , g >M g 

where the map Tid,g — > T~(-d,g is an embedding, and the map 'Hd.g — ► M g is 
the map which takes the moduli point [U — > B] to the moduli point which 
represents the stable reduction of U. 

Finally we note that we may give an analogous definition while requiring 
that the maps U — > B have prescribed ramification patterns or nodes over a 
fixed number of points. We demonstrate the construction of such Hurwitz 
schemes only in the case used in this paper - the Hurwitz scheme parameter- 
izing degree d covers of genus g curves with n simple nodes: This Hurwitz 
scheme is constructed inside 1~Ld, g as the closure of the points [U — > B] where 
B has n + 1 components such that Bi n Bj is a single node if % = 7^ j (or 
vice- verse) and empty otherwise, and where for i > there are exactly two 
marked branched points over B. L . 

2.3. Definition (Beaville's construction of 1Z g - see |Be77| § 6 or |DoSm8lj § 1 
for proofs). The (projective) D-M stack 1Z g is the moduli space of pairs (C, i) 
such that C is a semi-stable curve of genus 2g — 1 and i : C — > C is an in- 
volution that is not the identity on each component of C, and such that 
the genus of C/i is g. Like their counter-parts from Hurwitz schemes such 
covers are also called admissible. 

2.4. Definition (generalized Jacobians). Let C be a stable curve of genus 
g, then the generalized Jacobian of C is the moduli of isomorphism classes 
of line bundles on C with multi-degree (0, . . . , 0). The generalized Jacobian 
is a smooth commutative algebraic group of dimension g. 

2.5. Proposition-Definition (generalzed Pryms and Beaville's covers). Let 
C/C be an admissible double cover, then the generalized Prym of the double 
cover is the component of the norm map Norm : Jac(C) — ► Jac(C). 

Let [(C, i)\ be a point in 7Z g , then Prym(C/(C/i)) is an Abelian variety 
if and only if the only fixed points of i are nodes where the two branches 
are not exchanged, and the number of nodes exchanged under i equals the 
number of components exchanged under i. In this case we say that the cover 
C/(C/i) is Beauville allowable. We denote the subset of Beauville allowable 
covers in IZ5 by 

Proof. See [Be77| Lemma 5.1 or |DoSm81J Definitions 1.3.1 and 1.3.2 □ 

2.6 (The bigonal construction - for proofs see [Do92j §2.3 and 12.81 below). 
Let C/C/K be a tower of degree 2 extensions where C/C is Beauville allow- 
able over nodes, but possibly ramified over other points. Then the Galois 
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group of the Galois closure of C/K is (generically) -D4 = ((1,3), (1,2,3,4)). 
The curves C,C are the quotients of the Galois closure of C/K under the 
groups ((1, 3)}, ((1, 3), (2, 4)}. We denote by C, C the quotients of the Ga- 
lois closure of C/K under the groups ((1, 2)(3, 4)), ((1, 2)(3, 4), (1, 4)(2, 3)). 
If C/C is unramified over the ramification locus of C/K then the possible 
ramification patterns over a point p G K are the following: 

(1) If C/K is etale then so is C/K, and vice verse. 

(2) If C/C is ramified and C/K is etale then C/F 1 is ramified and C/C 
is etale, and vice verse. 

(3) If C/K has a node then C'/P 1 is etale and C/C is ramified over 
both branches of C over p, and vice verse. 

Moreover, the construction works with the same dictionary even in the non 
generic case when the Galois group of C/K is a proper subgroup of D4. 

2.7 (The trigonal construction - for proofs see |Do92j § 2.4 and 12.81 below). 

2 

Let C be a stable curve and let C — ► C be a Beauville cover. Let g : 
C — > P 1 be a base point free g\, then the Galois group of the Galois closure 
of the extension C/F 1 is (generically) S4. Denote by X the quotient of 
the Galois closure of C/F 1 by one of the copies of the group S3 in the 
group S4 . Then X is a smooth curve and there is a natural isomorphism 
Jac(X) — > Prym(C/C). The relation between the possible ramification 
patterns of C/C /BP 1 and X/F 1 over point a p £ P 1 are given by the 
following "dictionary" : 

• If C/F 1 is etale or simply ramified or double ramified over p, then 
X/F 1 is ramified in (at most) one point over p with the same rami- 
fication index as C/F 1 . 

• If C has a node and a smooth sheet over p, then X/F 1 has two 
ramification points over p. 

• If C has a node over p, where one of the sheets is ramified, then 
X/F 1 has triple ramification over p. 

This construction is invertible; i.e. starting with a degree 4 cover X — > P 1 we 
may consider the curves matching the groups ((1,2)(3,4), (1,3)(2,4)) C D4 
in the Galois closure of X/F 1 (under Galois correspondence) and produce a 
Beauville cover C/C, whose ramification pattern is given above. 

The construction works with the same dictionary even if the Galois group 
is a proper subgroup of 5*4. One of the interesting degenerations of the 
construction is the case where C/F 1 is reducible. In this case C breaks into 
(at least) two components Cq,F . Since the Galois group of C/F 1 no longer 
has an element of order 3, the trigonal construction on C/C is the bigonal 
construction on the tower (Co xp C)/Cq/F - see |Do92| example 2.10 (hi). 

2.8 (Sketch of proof of Donagi's bigonal and trigonal dictionaries). The 
reference we gave for Donagi's bigonal and trigonal dictionaries describes 
the bigonal and trigonal constructions, yet does not prove the correctness 
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of the dictionaries. For the sake of completeness of this paper we sketch a 
proof here: Since the constructions are local (all polygonal constructions are 
- see [Do92] § 2.1), and by the remark on Galois groups at the end of I2.7L it 
suffices to consider the trigonal construction. Furthermore, since the double 
cover C/C is Beauville allowable, it suffices to compute the local picture of 
C given the local picture of X. 

Let us start with the two simplest cases - the cases where X/F 1 is locally 
unramified or simply ramified. To do this it suffices to compute the ramifica- 
tion type about of the resolvent polynomials of the following polynomials 
in z: 

(z - 2){z - 1)0 + l)(z + 2) = z 4 - 3z 2 + 2, z 2 {z - l)(z + 1) = z 4 - z 2 . 
Indeed these resolvents are given by the polynomials 

z 3 - (-3)z 2 + 4 • 2{-z + (-3)) = (z + 3){z 2 + 8), z 3 - (-l)z 2 = z 2 (z + 1) 

which are unramified and simply ramified about 0. 

We can now complete the dictionary by taking limits in the Hurwitz 
schemes H^o and 7^3,0 ; note that the natural quotient map S4 — ► S3 induces 
a covering map between the open loci inside these Hurwitz schemes given 
by {[U — > B]\B = P 1 }. As all the cases are similar we will consider below 
only the most interesting one - a one dimensional family of g\ s with simple 
ramification points for the general element, where the the limit g\ admits a 
fiber with two ramification points. In the Hurwitz scheme Tinfl this amounts 
to the curve B in the limit moduli point [U — > B] splitting to two components 
connected at the a point b, such that the fiber of U over b is a gluing of two 
pairs of ramification points (two ramification points over each component 
of B). Note that the local Galois group on the spacial fiber is a group 
generated by two commuting transpositions t\,t<i G S4. Going to the two 
marked branch points approaching each other on the family, we see that the 
ramification points over them are given by the sheet permutations t\,t%. 
Since the images of the transpositions t\,ti under the natural quotient S4 — > 
S3 are equal, the corresponding limit inside ^3,0 admits a node on the special 
fiber. 

2.9. Proposition (An extension of the bigonal construction dictionary). In 
the notations of \2.6[ if C/K has ramification index 3 over a point p G K 
then so does C'/K. 

Proof. Since the construction is local on p G K (as mentioned in 12.81 an 
polygonal constructions are - see |Do92| § 2.1) we may assume that K = P 1 
and that there are exactly two such points: pi,P2 G K. Let C + be the 
union of C and a rational curve P glued on the set-theoretic preimages of 
Pi,P2 in C. Let C + be union of C and a rational curve P, glued on the set 
theoretic preimages of pi,P2 in C of Px,P2 G C, where P — > P is a double 
cover ramified on the gluing locus CD P. Let X be the trigonal construction 
on the tower C + /C + /P 1 , then by the trigonal construction dictionary, X is 



DAVID LEHAVI 



a smooth curve and the ramification index of X/F 1 over the points pi,P2 
is 3. However, by the remark at the end of 12.71 we know that the trigonal 
construction on the tower C + /C + /P 1 is the bigonal construction on the 
tower C/C/F 1 . □ 



3. A MAP FROM A PROPER COVER OF Ma TO M3 

3.1. We set H to be the compactified Hurwitz scheme of degree 3 maps of 
genus 5 curves which admit two special fibers, where each of these fibers 
consists of two points, one of which is a node (see the discussion in the end 
of 13311 . Define 



Y 



([C/C],[U^B})en 5 xH 



C is the stable reduction of U, and C has two 
nodes on which the marked nodes of U project. 

Moreover, [C] is in the closure in M5 of the 
locus of binodal irreducible curves, and finally 
Prym(C'/C) is a Jacobian. 



Note that since Y is an intersection of closed conditions in IZ5 x H it is 
closed as a subscheme of IZ5 x H. Note also that Y admits two natural 
maps: 

7T : Y -»• M 4 , n : Y -» M~i 

([C/C], [U - B}) » [X] ([C/C], [U - 5]) ^ [iV], 

where X is the smooth genus 4 curve whose Jacobian is the Prym variety 
of the double cover C/C, and iV is the normalization of C over the marked 
nodes. We will use the notation C/C to denote a Beauville double cover of 
curves as above, X to denote the genus 4 curve as above and iV to denote the 
partial normalization of C as above without further comments throughout 
the paper. 

The motivation for our definition is the generic situation: If C carries a 
degree 3 map to P , then the curve X is the trigonal construction on the 
tower C/C/F . Moreover, the two nodes of C mark two special fibers on 
X — ► P 1 , where each of these two fibers is a sum of two ramification points. 
We prove below that the choice of this ramification pattern is equivalent to 
a choice of a two torsion point on the Jacobian of X, plus some finite data. 
Finally this data determines a g\ on X and thus the tower C/C/F 1 can be 
recovered from this data via the inverse of the trigonal construction. 

In this section we analyze both the generic and the non-generic situations. 
We use these descriptions to describe some properties of the map it, and of 
the relations between the maps tt and [i. We start by noting that since Y is 
a closed subscheme of IZ5 x H and since the Prym map is proper (see [Be77] 
Proposition 6.3), the map tt is proper. 

3.2. Proposition-Definition. Let ([C/C], [U — ► B]) be a point on Y, then 
C is irreducible. Moreover, there is a unique irreducible component of U, 
denoted Uq, such that C is the stable reduction of Uq. We denote the image 
of Uq under U — > B by Bq, and the (reduced) preimage of Bq in U by Uq. 
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Proof. Let X be a genus 4 curve such that Prym(C/C) = Jac(X). If the 
involution on C permutes components, then each of the permuted compo- 
nents embeds in X, which is impossible since the geometric genus of C is at 
most 3 (this follows since C is in the closure of binodal irreducible curves) 
and X is smooth - which implies that the polarization on Jac(X), which is 
the Prym polarization, is irreducible. Since the involution on C does not 
permute components, one sees by considering C as a union of irreducible 
components that the genus of PrymC/C is 5 minus the number of compo- 
nents of C. Hence C is irreducible. The existence of Uq follows from the 
irreducibility of C. □ 

3.3. Corollary. The stable reduction ofU induces a component construction 
on U. We claim that under this component contraction the two marked 
points on B mark two distinct points on Bq . 

Proof. Assume the contrary, then in the dual graph to the components graph 
of U there would be two "loops" through the point representing Uq, such 
that for each loop the intersection locus of the non Uq part of the loop with 
Uq is a pair of points, and these two pairs of points lie on the same fiber 
over Bq. The two pairs of points do not intersect since the stable reduction 
of U is irreducible. However, since the degree of Uq — > Bq is 3, this is 
impossible. □ 

The generic situation. 

3.4. Proposition. Assume that Uq = Uq then the nodes of C come from 
identifying points in the fibers of Uq — > Bq. In this case let C — > Bq be the 
map induced from Uq — > Bq. Then the trigonal construction on C/C/Bq 
is a base point free g\ on X, where on each of the two fibers over the two 
marked points of Bq, the fiber of X is two ramification points. 

Proof. Since Uq = Uq , there are no "loops" through Uq in the dual graph 
to the components of U. Hence the nodes of C come from identification 
of points along fibers. Since Uq is irreducible, the Galois group of the 
tower C/C/F 1 is either the group £4 or the group A4. Since this Galois 
group permutes the generic fibers of X — > P , this cover is base point free. 
The rest of the claim follows from the trigonal construction dictionary (see 
127)1 . □ 

3.5. In order to see what X's we get by using the trigonal construction 
as in Proposition 13.41 we consider the inverse of the trigonal construction: 
Let f3 be a point in Pic(X)[2] \ {0}. If X is hyperelliptic we denote the 
hyperelliptic divisor class on X by Hx- We define 

£/3 := Sym 2 X n (Sym 2 X + (3) C Pic 2 (X), Ep := {{x, x + (3}\x € S^}. 

We note that is not empty: indeed for a generic X there are precisely 

(©i72) 2 = ©174 = 4!/4 = 6 
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points in for all (3 G Picpf)[2] \ {0}. Let / : X -> P 1 be a de gree 4 cover 
with two marked double branch points bi,b 2 € IP 1 - Then we denote 

«(/) := r\b\)/2 - f~ 1 (b 2 )/2, 

where the division by 2 should be understood as dividing the multiplicity of 
each point in the fiber by 2. Then a(f) is a 2 torsion point in Jac(X). 

3.6. Proposition. If X is a hyperelliptic curve, and f is as in \3.h\ then f 
is a subsystem of \2H X \- Thus f decomposes through a double cover to the 
dual linear system \H X \*. 

Proof. Equalities between divisors in the proof below should be read as 
equalities between their classes in the Picard group of X. Keeping the 
notations of !3.5l we denote f~ 1 (bi) = p\ +p[, /~ x (&2) = P2+P2 an d set q2,q' 2 
to be the respective residuals of the points P2,P2 i n the hyperelliptic system 
H x . 

We prove the first claim in the proposition by separating into three cases: 

• Case 1 - a(f) = 0: Since / is a base point free pencil we have {pi,p'i} D 
0?2,P 2 } = 0- Hence p\ + p[ = H X - 

• Case 2 - h°(a(f) + H x ) = 0: By Riemann Roch h°(2H x + a) = 1. It is 
a classical fact that the only solution to the equation 

Pi+p'i + q2 + q 2 = 2H x + a{f) 

is where all point are Weierstrass points. Whence p\ +p'i — H x is some two 
torsion point. 

• Case 3 - h°(a(f) + H x ) = 1: By Riemann Roch h°(2H x + a) = 2. It is 
a classical fact that the pencil of solutions of the equation 

Pi+p' 1 +q2 + q , 2 = 2H x + a(f) 

is given by a sum of two Weierstrass points plus two points which sum to 
the hyperelliptic class H x . W.l.o.g. the two Weierstrass points are either 
Pi,p'i or pi,(?2- In the first case p\ + p\ — H x is some two torsion point 
and we are done. In the second case we see that p[ — p' 2 is some two torsion 
point, which means that 2p[ = 2p' 2 , which means that 2p[ is the hyperelliptic 
divisor class. Hence p'i,p 2 are also Weierstrass points. 

To prove our second claim we observe that embeds as a conic inside 

\2H X \*. □ 

3.7. Corollary. If X is hyperelliptic then Uq is reducible. 

Proof. Assume the contrary, then we may construct X as in Proposition 
13.41 However, in this case the map X — > P 1 decomposes through | | * . 
By the remark about the trigonal construction degenerating to the bigonal 
construction in the end of 12. 7^ this would mean that Uq is reducible. □ 

3.8. Proposition. If X is not hyperelliptic then the map 

umm) ^ {r l (h)/2,r\b 2 )/2} e t a(f) 
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is a bijection between S a (n <md ifre set of degree 4 covers f with a given 
«(/)■ 

Proof. Since the map Sym 2 X — » Pic 2 X is 1:1 we see that <*(/) is non zero. 
We claim that the / corresponding to a point {a, a + a(/)} G ^a(/) is the 
linear system \2a\ where {a, a + a(f)} = {261,262} in Pic 2 (X). Indeed, by 
Riemann Roch the linear system |2er| is a g\, and if |2<r| would have a base 
point then the preimages of the points a, a + a under the map Sym 2 X — > 
Pic 2 X would intersect. This would mean that there are two points in X 
such that pi = P2 + a. Specifically, this would mean that X is hyperelliptic, 
which is a contradiction. □ 

The non-generic situation. 

3.9. Proposition-Definition. Assume that Uq is reducible, then it is a 
union of Uq and a projective line P along two points Uq (1 P. In this case the 
map Uq — > B is a double cover, and there is at most one node in C which 
corresponds to the identification of the points in Uq H P; we call this node 
the special node. 

Proof. Let P be a rational component in Uq \Uq. Since P collapses under 
the stable reduction of U, there may be at most one "loop" in the dual graph 
of the components of U which includes both Uq and P. Since the arithmetic 
genus of C is 5, we see that the map Uq — > P 1 can not be an isomorphism. 
Hence the map Uq — > P 1 is a double cover, and P is unique. If P and Uq 
share a loop in the dual graph of the components of U, then under the stable 
reduction this loop becomes a node of C. □ 

3.10. Proposition-Definition. From here through l3.13l we assume that [N] 
lies in the closure of the locus of hyperelliptic curves in M.3. We claim that 
in this case Uq is reducible. 

Proof. If iV is smooth then by Riemann-Roch any g\ on iV is a subsystem 
of the canonical system; since the canonical image of iV is a double conic, 
any g\ on ./V is a g\ plus a base point. 

In the other cases we may assume by Proposition 13.91 that Uq = Uq. 
Hence the nodes of iV come from identifications of pairs of points in the 
fibers of Uq — ► Bq. Computing the topological types of limits in 7^2,3, we see 
that there are only three distinct irreducible limit topological types in TI3: 

• The genus of Uq is 2 and the node of iV is an identification of two 
hyperelliptic-conjugate points in Uq. In this case one of the fibers of Uq — > 
Bq, which corresponds to the node of N, consists of two points which sum 
up in Pic(f/o) to the hyperelliptic divisor of Uq, plus another point. However 
by Riemann Roch, the complete linear system of iix+some point is a pencil. 
Hence this pencil is the hyperelliptic linear system plus a base point, which 
is a contradiction. 

• The genus of Uq is 1 and the nodes of iV are identifications of two fibers un- 
der the Kummer involution of Uq. In this case two of the fibers of Uq — > Bq, 
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which correspond to the two nodes of N, consist of two three-tuples Pi,P2,P3 
and qi,q2, q3 such that pi + P2 = qi + q2 in Pic(77o)- Thus ps = q% which is 
a contradiction. 

• The genus of Uq is and there are three fibers {pn,Pi2,Pi3} {1=1,2,3} °f 
Uq — > 5o, such that the nodes of N are identifications pn ~ pi2 for i = 1,2, 3, 
and there is an involution on Uq which switches pn and pi2- Choosing co- 
ordinates on Uq,Bq we may assume that poj = ±i, and that the map 
Uq — > i?o sends ±3 to and ±2 to 00. Hence the map is given by a quotient 
x 1— > CT^f-rrf— ^7 such that 

(aH — 4) (a:— 0) 

(l-9)(l-o) (l-9)(-l-a) , , 

(l-4)(l- t ) = (l-4)(-l- t ) * (1 -«)(! + ») -d + «)(l-»). 

Hence a = b, so the map is actually a degree 2 map. □ 

3.11. Proposition. If C does not admit a special node then the bigonal 
construction on C/C/F 1 , where the double cover C — > P 1 is the one induced 
from Uq — > Bq, is X U Pi —* \Hx\* U Pi — > P , where X is a hyperelliptic 
curve, P±, Pi are projective lines, and the double cover |i?x|* U Pi — > P 1 
identifies two Weierstrass points with the two branch points of Pi /Pi . 

Proof. Denote the bigonal construction on C/C/F 1 by C'/C'/P 1 . By the 
bigonal construction dictionary (see !2.6|2T9l) . C'/P 1 is unramified and smooth. 
Whence C is a disjoint union of two rational components Pi, P2, and there- 
fore C is also disconnected. Since the Jacobian of C is irreducible of genus 
4, the curve C is a disjoint union of a rational component Pi and the curve 
X; hence we may identify P2 with Moreover, by the dictionary we 

see that the map \Hx\* — > P 1 sends two of the branch points of X/\Hx\* 
to the image under Pi /P 1 of the two branch points of Pi /Pi . The branch 
points of C/P 1 are residual to these points in the image of the branch locus 
of X/\H X \* under the map \H X \* -» P 1 . □ 

3.12. Proposition-Definition. Assume that C admits a special node, and 
denote by C~ the partial normalization on C along the special node. Let 
C~ := C~ xp C and let C~ — > P 1 be the double cover induced from the 
double cover Uq — > Bq. Then the bigonal construction on C~ — — > C~ — '—> P 1 

is X -^-> \Hx\* — — * P 1 . Moreover, the map |-Bx|* — ¥ P 1 sends two branch 
points of X/\Hx\* to the same point of P 1 . Identifying Bo with P 1 , the 
branch points of \Hx\* /P 1 are the images of Uq n P in Bq. 

Proof. By Lemma 1 in [DoLiOlj we have and isomorphism Prym(C~/C~) = 
Prym(C/C) = Jac(X). The rest follows from the bigonal construction dic- 
tionary (see I2.6|2T9|) . To apply the dictionary we note that C^/C^/P 1 is a 
tower of double covers where C~/C~ has two branch points at the preim- 
ages in C~ of the two points in Uq n P; moreover C~ has a distinguished 
node. □ 

3.13. There are three different ways in which the special node on C occurs: 
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(1) as an identification of two non-Weierstrass points, 

(2) as an identification of two Weierstrass points, 

(3) or as an identification of a Weierstrass point and a non-Weierstrass 
point. 

These cases correspond to three different ramification patterns o£C~ /C~ 
In case O the map C — ► P 1 is determined up to a finite choice: one of the 
branch points of C'/C is a ramification point of C'/P 1 , and two other branch 
points of C'/C are mapped to the same point on P 1 (this is the ramifica- 
tion pattern which corresponds to the non-special node under the bigonal 
construction - see Proposition 13.12"]) , In case [21 not only is the map com- 
pletely determined, it is over determined: two of the branch points of C / C 
are ramification points of C'/P , and two other branch points of C'/C are 
mapped to the same point on P 1 (again, the fiber which corresponds to the 
non special node under the bigonal construction) - thus this situation can 
occur only for X in a proper subscheme of H\. 

The map X — » P 1 has a concrete description as a pencil in the linear 
system |2flx| ( see Proposition 13.61) : Let |Hx|* De the image of X in the 
complete linear system |2iJx|*. Let pi,P2 be the images of two Weierstrass 
points on |iJx|*, and let I be the line connecting these two points, then the 
is a natural isomorphism between C and |flx|* where the map C — * P 1 is 
a projection from a point on q € I \ |i?x|*- I n case [2] both tangents lines 
to |flx|* through q hit images of Weierstrass points on |-ffx|*> and in case 
[3] only one of these tangents lines hit such a point. 

The decomposition of the map n through IZ4. 

3.14. Corollary. The intersection n(ir~ 1 (X)) n H.3 is empty if and only if 
X is not hyperelliptic. 

3.15. Remark. If the special node is not a marked node, then N is not a 
hyperelliptic curve. Indeed in this case the g\ parametrized by Uq — > Bq is 
the projection from a node of a nodal plane quartic - which is a model for 
N. 

Proof. Follows from Propositions 13.111 and 13.121 □ 

3.16. Theorem. The map it decomposes through a proper map to Tt\. 

Proof. In Proposition 13.81 we proved that the trigonal construction induces 
a surjective generically finite map (with degree 3): 

{[(C/C], [U - B]) G Y\U = U+} - {([X],P) G K±\X £ H 4 } 

By Corollary 13.141 we may analyze the hyperelliptic case separately: 

In the cases described on 13.131 the special node of C corresponds to two 
exceptional fibers of X — > P . Thus "half" (in the sense of I3.8H of this fiber 
is two points which sum up to Hx- Since the marked nodes on U project 
to distinct nodes on C, at most one of these fibers is marked on U. If non 
of them is marked, then there are two marked "non-special" nodes, and we 
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are in the situation corresponding to h°(Hx + «(/)) = in the proof of 
Proposition 13.61 Otherwise, the special node is marked, and the marked 
non special node on C corresponds to twice two Weierstrass points on X, 
which together sum to j3 + Hx for some two torsion points € Jac(X). A 
similar phenomena occur in the case where there is no special node: each 
of the two special fibers on X is some Weierstrass point with multiplicity 2; 
hence the difference between the "halves" of the fibers is again a two torsion 
point on the Jacobian of X. 

Finally our new map is proper because the map ir is, and since IZ4 — > M.4 
is a finite cover. □ 

3.17. Notation. We denote the map Y — ► IZ4 by ttl (L stands for level). 

3.18. Corollary (Of the proof of Theorem 13. 16[) . Let X be a genus 4 hyper- 
elliptic curve and (3 a non-trivial two-torsion point on X, then 

dimv(7r2 1 ([X],P)=H°(H x + P). 
Moreover, the restriction of fi to tt7 ([X],f3) is finite. 

Proof. We use the description of the g\ on X given in the proof of Theorem 

EH 

• If H°(Hx + P 1 ) = then we construct two lines l\, I2 C |2iTx|* as follows: 
considering as a conic in \2Hx\*, the lines l±, I2 intersect |* at the 
images of two pairs of Weierstrass points. The sum of the four Weierstrass 
points is j3, and the g\ is the composition of the hyperelliptic projection and 
a projection from the point 1% Pi I2 € \2Hx\* ■ 

• If H°(Hx + (3) = 1 then there is a line / C \2Hx\* which intersects |-ffjsr|* 
at the image of two Weierstrass points. The g\ on X is the composition of 
the hyperelliptic projection and projection from a point on I. Note that his 
g\ may have two base points, in which case we have the situation with no 
special node. □ 

4. THE PROOF OF THEOREM 11.21 

4.1. Throughout this section we denote by S the preimage in 7Z± of a pro- 
jective surface So C AI4. Since tt is a proper surjective map we see that 
5' := 7r z ^ 1 (5) is a projective variety. Finally we set T := n(S'). 

Our plan is to show that T is a surface, and than, by using the Chow ring 
structure of M3, show that the intersection of T with the divisor Ao gets 
contracted under the map to M.2- We use the geometry of genus 2 Jacobians 
to derive a contradiction. 

4.2. Proposition. The surface Sq intersects the hyperelliptic locus. 

Proof. By |Fa90b] § 3 the Chow group A 2 (M4) is generated by A 2 and 
boundary classes (where A is the first Hodge class). Hence there exists a 
codimension 2 boundary cycle B and ample divisors A\,A2 in such 
that: 

[B]+m = iM[M- 
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Recalling that So does not intersect the boundary, we perform the following 
computation in A*(M.a): 

#(H 4 n So) = #{B n So) + #(7Uns ) = ([B] + fFQ)[S ] > o. 

□ 

4.3. Corollary. The variety T is (at least) two dimensional. 

Proof. Assume the contrary, then the fibers of S' —* T are at least one 
dimensional. Moreover, by Proposition 14.21 ans since S has a point in TL^, 
the variety T has a point in 7i% , but by Propositions 13.111 and 13.121 we have 
nfj, (T n 7i-i) C Hi- Hence by Corollary 13.181 the surface S contains a 
projective curve in H.4, which is impossible. □ 

4.4 (An overview of some results from [Fa90a] :). In |Fa9 0aj Faber completely 
computed the Chow ring A*(A4s)] We need only a small piece of this mon- 
umental work: Faber showed that the set 

771 := [ST], £ := Po], 5 00 := [ A oo], $01a ■= [Aqi ] 
£oib : = [Aoift], #11 := [An], £l := Pi] 
is a basis for the Chow group A 2 (M^), where 

H\ = {A Up E\g(E) = l,g(A) = 2 and p is a Weierstrass point} 

Ho = {A/p ~ p \g(A) = 2 and p + p' is the hyperelliptic divisor on A}, 

and Aoo, Aoi a , Aqi6, Ah, Hi are the subvarieties of M3 parameterizing curves 
of the following topological types: 

Aqo Aoia Aq16 




Legend: numbers indicate geometric genera. 

Among many other relations, Faber proved that A • So — 72<5oo is in the span 
of <5oi a , Soib, <5ll,£o,£l- 

4.5. Proposition. On M2 we have 10A = 5o+some coefficient times 5\ 

Proof. This fact follows from the fact that M. 2 is a degree half cover (as a 
stack) of A4o,6, whose Chow ring is generated by boundary classes. 

Let B C P 1 x P 1 be a generic smooth curve of bidegree (6, n). Let tt : 
U -> P 1 x P 1 be the double cover ramified along B. Then U is a universal 
family of genus 2 curves over the left P 1 , which we consider as a test curve 
in M2. We denote the generators the Picard group of P 1 x P 1 by H, V (for 
horizontal and vertical). Since B is generic, the integral of 5\ on the test 
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curve is 0. The integral of Sq on the test curve is simply the branch number 
of B — > P 1 which is 

K B -6K P i = (6H+nV-2(H+V))(6H+nV) + l2 = 6(n-2)+4n+12 = lOn. 

On the other hand 

W c//Pi =n*(B/2 + K P i xP i/ P i) 
« = W ^ /P i =deg7r( J B/2 + ^ P i xP i /P i) 2 = 2(3H + nV/2 - 2H) 2 = 2n, 
which means that (see e.g. [HaMo98] 3.110): 

A = (« + <J)/12 = n. 

□ 

4.6. Proposition-Definition. Denote by v the normalization map Ao(.M 9 ) 
AT g _i, then v*\ = A. 

Proof. This is a standard fact which follows from the fact that the restriction 
of the Hodge bundle on M. g to Ao is the direct sum of the pullback of Hodge 
bundle from M g -i and a trivial bundle □ 

Proof of Theorem By Proposition 13.21 the intersection of T with the 
sublocus of A^3 parameterizing reducible curves is empty. Hence the in- 
tersection of [T] With each of the classes 5oi a , <5io&, #n, £i, 771 is 0, and by 
14.41 we get [T](A5o — 72<5oo) = 0. Since T does not intersect the irreducible 
locus, the same holds for i/(T n Ao) C M.2, hence from the two previous 
propositions, we have [T](10<5qA — \5qq) = 0, and thus [T]<5oo = [T]5oA = 0. 
However, by Proposition 14.51 the group NS{M.2) is generated by A, So, and 
thus v(T n Ao) is supported on points. Since there are no projective sur- 
faces in .M3, the set Tn Ao is not empty. Hence, there is a projective curve 
r C T n A such that u(T) = [H] G ~M 2 and H is irreducible. 

We start with the case where H is smooth (note that we know that 
[T]5oo = 0, but not that Tn Aoo is empty). For each point 7 G V we have a 3 
nodal genus 5 curve C 7 whose normalization is H , and such that C plus some 
finite data gives us the genus 4 curve via the trigonal construction. Let 
r/r be the degree 3 cover which parametrizes these nodes, then there is a 
map f 1 — > Sym 2 H which sends a node in C 7 to its preimages under H — > C 7 . 
Projecting Sym 2 (H) to Pic 2 (H), we see that image of T in Pic 2 (H) misses 
the ample curve {2p|p G H}. Hence the image of T in Pic 2 (H) is a point, 
and the image of T in Sym 2 (H) is the only blown-down cycle: the "anti- 
diagonal" {{p, q}\p + q = g\}. Thus for all the points C 7 , the #3 appearing 
in the construction is some point plus the pullback of the g\ on H. By 
Proposition 13.111 this is impossible (i.e. if there are 3 nodes, one of them has 
to be special). 

If the geometric genus of H is 1 or we run the analog argument with 
Sym 2 of the normalization of H instead of Sym 2 H, and without projecting 
to the Picard group. □ 



THERE ARE NO PROJECTIVE SURFACES IN Mi 



15 



Acknowledgment. During the work on this manuscript I talked and corre- 
sponded with D. Maulik, M. Lieblich, I. Dolgachev, C. Faber and G. Farkas. 
Finally, I'm in grateful for some indispensable advice from R. Cavalieri. 

References 

[Ar74] E. Arbarello, Weierstrass points and moduli of curves. Compositio Math. 29 (1974), 
325-342. 

[Be77] A. Beauville, Prym Varieties and the Schottky Problem. Inv. math. 41 (1977), 
149-196 

[Di84] S. Diaz, A bound on the dimensions of complete subvarieties of M g . Duke Math. 

J. 51 (1984), no. 2, 405-408. 
[Do92] R. Donagi, The fibers of the Prym map. Curves, Jacobians, and abelian varieties 

(Amherst, MA, 1990), 55-125, Contemp. Math., 136. 
[DoLiOl] R. Donagi; R. Livne, The arithmetic-geometric mean and isogenics for curves of 

higher genus. Ann. Scuola Norm. Sup. (4) 28 (1999), no. 2, 323-339 
[DoSm81] R. Donagi; R.C. Smith, The structure of the Prym map. Acta Math. 146 (1981), 

no. 1-2, 25-102. 

[Fa90a] C. Faber, Chow rings of moduli spaces of curves. I. The Chow ring of M$. Ann. 

of Math. (2) 132 (1990), no. 2, 331-419 
[Fa90b] C Faber, Chow rings of moduli spaces of curves. II. Some results on the Chow 

ring of Ml. Ann. of Math. (2) 132 (1990), no. 3, 421-449 
[FavdG04] C. Faber; G. van der Geer, Complete subvarieties of moduli spaces and the 

Prym map. J. Reine Angew. Math. 573 (2004), 117-137 
[Ha83] J. Harris, Recent work on M g . Proceedings of the International Congress of Math- 
ematicians, Vol. 1, 2 (Warsaw, 1983), 719-726. 
[HaMu82] J. Harris; D. Mumford, On the Kodaira dimension of the moduli space of curves. 

Inv. Math. 67 (1982), no. 1, 23-88. 
[HaMo98] J. Harris; I. Morrison, Moduli of curves. Graduate Texts in Mathematics, 187. 
[Lo95] E. Looijenga, On the tautological ring of M g . Inv. Math. 121 (1995), no. 2, 411-419. 
[Oo74] F. Oort, Subvarieties of moduli spaces. Inv. Math. 24 (1974), 95-119. 
[Za99] C. Zaal, A complete subvariety of the modulispace of genus 6 in characteristic > 2, 

Compositio Math. 119 (1999), no. 2, 209-212. 
[ZaOl] C. Zaal, Complete subvarieties of dimension d in M 2 d +1 . Preprint available online 

at http://www.chriszaal.nl/ 



Mathematics Department, University of Michigan, 2074 East Hall, 530 Church 
St, Ann Arbor USA 

E-mail address: dlehavi@umich.edu 



